Answering two questions of Tkachuk and Wilson we show that (1) if X is a first countable cellular-compact T 2 space, then |X| ≤ 2 ω , (2) if cov(M) > ω 1 , then every first countable separable π-regular cellularcompact space is compact.
A topological space X is cellular-compact if given any cellular family U of open subsets of X there is a compact subspace K ⊂ X such that K ∩ U = ∅ for each U ∈ U.
In [2, Theorem 4 .13] the authors proved that the cardinality of a regular first countable cellular-compact space does not exceed the continuum and asked what about T 2 spaces: Question 5.1 Let X be a cellular-compactfirst countable T 2 space. Is it true that |X| ≤ 2 ω ?
In [1] a partial answer was given by showing this statement for the class of Urysohn spaces.
In [2] the authors also raised the following question: Question 5.2 Does there exist a model of ZFC in which every Tychonoff cellularcompact first countable space is compact?
Let us remark that if CH holds, then there is non-compact Tychonoff cellularcompact first countable space.
We answer these questions in the affirmative in Theorems 5 and 6.
Lemma 1. If X is a first countable T 2 space, G ∈ τ X , and x ∈ G ′ , then there is a family {G n : n ∈ ω} of pairwise disjoint open sets such that {G n : n ∈ ω} → x.
Proof. We can assume that G does not have isolated points. Indeed, if x ∈ I(G) ′ , then there is a countable subset of I(G) which converges to x. Then this set works as {G n : n ∈ ω}. Let {V n : n ∈ ω} be a decreasing base of x in X. By induction construct pairwise disjoint open sets {U n : n ∈ ω} such that x / ∈ U n and U n ⊂ V n . If we have {U k : k < n} then pick y n ∈ V n \ k<n U k , y n = x, and let U n ∋ y n such that x / ∈ U n and U n ⊂ V n \ k<n U k .
Lemma 2. If X is a first countable T 2 space, S ∈ X ω , then there are points
x n ∈ X, open sets U n ∈ τ , and sets S n ∈ X ω for n ∈ ω such that writing 
Indeed, assume on the contrary that
Assume that we have constructed x k , U k , S k for k < n. Pick a = b from S n−1 and let A and B be disjoint neighborhoods of a and b, respectively. Applying the claim for U = k<n U n we obtain that
We say that D ⊂ X is strongly discrete if the points in D can be separated by a cellular family of open sets.
Lemma 3. If X is a first countable cellular-compact T 2 space and D ⊂ X is strongly discrete, then D is compact.
Proof. Let {G d : d ∈ D} be a cellular system of open sets showing that D is strongly discrete. By lemma 1 for each d ∈ D there is a family {G d,n : n ∈ ω} of pairwise disjoint open subsets of G d such that {G d,n : n ∈ ω} → d. Since X is cellular-compact and the family {G d,n : d ∈ D, n ∈ ω} is cellular, there is a compact K ⊂ X such that G d,n ∩ K = ∅ for each d ∈ D and n ∈ ω. Then D ⊂ K = K, so D ⊂ K is compact.
Theorem 4. If X is a first countable cellular-compact T 2 space, then X is countably compact.
Proof of Theorem 4 . Let S ∈ X ω . Applying Lemma 2, choose x n , U n , S n for n ∈ ω. Let G n = U n \ k<n U k . Since x n / ∈ int k<n U k , it follows that no neighborhood of x n is inside k<n U k . Thus x n ∈ G n . For each n < ω, apply Lemma 1 for the space {x n } ∪ G n and for the point x n to obtain a countable disjoint family U n ⊂ τ Gn such that U n → x n . Since X is cellular-compact and the family n<ω U n is cellular, there is compact set K such that K ∩ U = ∅ for each U ∈ n<ω U n . Then {x n : n ∈ ω} ⊂ K = K. Since K is compact, the set {x n : x ∈ ω} has an accumulation point (in K).
Theorem 5. If X is a first countable cellular-compact T 2 space, then |X| ≤ 2 ω .
Proof of Theorem 5 . Let M be a σ-closed elementary submodel of size 2 ω . Write F = M ∩ X. We will show that X = F . Case 1. F ∩ U = ∅ for some non-empty open U .
We will construct a free sequence {x α : α < ω 1 } ⊂ F as follows. By induction on α < ω 1 we will pick points x α ∈ F , and open sets
Assume that we have done it for β < α. Then {x β : β < α} is strongly discrete, so H = {x β : β < α} ⊂ F is compact by Lemma 3.
Since for each y ∈ F there is an open W y ∈ M such that y ∈ W y and W y ∩ U = ∅, we can find an open
After the construction consider the set D = {x α : α < ω 1 }. Since D is strongly discrete, the set D is compact by Lemma 3. Thus {x α : α < ω 1 } has a complete accumulation point. Since X is first countable, it follow that {x α : α < ω 1 } can not be free. Contradiction. Case 1 is not possible.
Assume that x ∈ X. Let {V n : n ∈ ω} be a neighborhood base of x. Pick x n ∈ V n ∩ F . Then {x n : n ∈ ω} contains a convergent subsequence S because X is countably compact by Theorem 4. Then S → x. Moreover, S ∈ M implies x ∈ M . Since x was arbitrary, we showed that X ⊂ M in Case 2.
A topological space X is π-regular if it is T 2 and every non-empty open set includes a non-empty regular closed set. This property is clearly weaker than regularity.
Theorem 6. If cov(M) > ω 1 , then every first countable separable π-regular cellularcompact space is compact.
Lemma 7. If X is a π-regular space with π(X) = ω, H ∈ X <cov(M) is nowhere dense, and sup{χ(h, X) : h ∈ H} < cov(M), then every countable π-base contains a disjoint family B = {B n : n < ω} such that B is a local π-base for each h ∈ H. and P is countable, there is a D-generic filter in P .
Proof. Let
Lemma 8. If X is a cellular-compact π-regular space with π(X) = ω, H ∈ X <cov(M) is nowhere dense, and sup{χ(h, X) : h ∈ H} < cov(M), then H is compact.
Proof. By Lemma 7 there is a disjoint family B = {B n : n < ω} ⊂ τ such that B is a local π-base for each h ∈ H. Since X is cellular-compact, there is a compact set K such that K ∩ B = ∅ for each B ∈ B.
